Introduction
Multi-degree-of-freedom (multi-DOF) spherical motion has wide application in aviation and aerospace areas such as satellite attitude control, helicopter, inertial navigation system, astronaut's training device, etc. Traditionally, multi-DOF spherical motion is realized by the combination of several single-axis actuators. This method has some drawbacks such as backlash and friction existing in the external mechanism, kinematic singularities in the workspace, and lack of dexterity in orientation control. Thus, it is difficult for these multi-DOF actuators to achieve high dynamic response and precise motion control. Therefore, the need to develop a spherical actuator that can produce multi-DOF spherical motion in one joint is arising.
The history of multi-DOF actuators can be dated back to the mid-1950s. The first multi-DOF actuator was designed by Williams et al. 1 It has two DOFs motion ability. So far, spherical actuators based on electromagnetic effect, piezoelectric effect, and mechanical methods have been proposed. 2 We focused on the 3-DOF PM spherical actuators here, which have been paid more and more attention recently because of their simplicity in structure, fast response, and compact in design. 3 The PM spherical actuator's applications in industrial and aerospace areas, such as spacecraft attitude control, precision assembling and manufacturing, always require high motion control accuracy. 4 To achieve accurate operation of the spherical actuator, many research works have been done on magnetic field and torque modeling, 2,5-9 orientation measurement, 10 ,11 dynamic modeling and control algorithm. 3, 4, [12] [13] [14] However, the previous work does not take geometric calibration of the spherical actuator into account. Because of the assembly and fabrication errors, the nominal geometric parameters implemented in the control model will differ from their actual values. 3-DOF rotational motion of the rotor is realized based on the electromagnetic torque generated by the current-carrying coils and PM poles, and position vector errors of the PM poles and coils will affect the torque generation accuracy. In addition, since the rotor is supported by the spherical joint, the geometric errors of the spherical joint will induce the kinematic transformation errors. These errors will result in an inaccurate kinematic and torque model, and thus restrict the control quality and lower the positioning accuracy of the spherical actuator. The geometric calibration has proven to be an effective approach to overcome this problem. 15 Thus, the goal of this paper is to propose a geometric calibration algorithm for the spherical actuator to improve its positioning accuracy.
A number of geometric calibration methods have been studied and utilized to robot manipulators to improve their motion control accuracy.
16-18 Liu et al. 17 analyzed the calibration of a neurosurgical robot system. By compensating the joint axes and transmitting error, the positioning accuracy of this system is successfully improved. Joubair et al. 18 introduced the geometric parameter identification of a XY-Theta precision table by a simple geometric method. In this work, a two-level geometric calibration method was designed for the PM spherical actuator. At the first level, the kinematic parameter errors in the spherical joint mechanism are identified. The calibration model is formulated based on the differential form of kinematic equation. The second level of calibration is to identify the geometric position errors in the magnetization axes of PM poles and coils axes. The calibration model based on the differential form of the torque model is formulated at this level. Because the simultaneous identification of all the PM poles and coils is difficult and may result in complicated computation, each coil is calibrated separately here. It should be noticed that the spherical joint's calibration should be done first to achieve higher calibration accuracy of the PM poles and coils. Fig. 1 shows the CAD model of the spherical actuator. It is composed of a rotor installed inside the stator. The stator is fixed on the base. The rotor is supported by the spherical joint. There are four rods on the lower side of the spherical joint, and they are fastened onto the base with nuts. Thus, the spherical joint is connected to the stator through the base. The rotor has eight cylindrical PM poles along its equator, and the stator has 24 coils which are arranged in two layers. These two layer coils are symmetrically arranged about the stator equator, and the coils mounted in the stator are air core, which ensures the linear relation between the current input and torque output. The material of the PM poles is rare-earth, which can provide high magnetic field for the spherical actuator. The orientation of the spherical actuator is measured by the encoder and twoaxes tilt sensor, which are fixed in the spherical joint. The input power of this actuator is about 96 W. The specifications of the spherical actuator are listed in Tables 1 and 2 . Fig. 2 shows three-DOF rotational motion of the spherical actuator.
PM spherical actuator

Mechanical description
Working principle
12 Current-carrying coils act like a current controlled magnet and establish a magnetic field around it. The electromagnetic field intensity is proportional to the current magnitude, and the direction depends on the current direction. The rotor motion is realized based on the electromagnetic torques, which is produced by the interaction between current-carrying coils and PM poles. By activating stator coils in longitudinal directions, tilting motion can be created ( Fig. 2(a) and (b)).
Energizing all the coils in order, spinning motion can be generated ( Fig. 2(c) ). Thus, by controlling the current inputs of the spherical actuator, any desirable three-DOF rotational motion in the workspace can be realized.
Calibration of spherical joint
Kinematic model and error analysis
As shown in Fig. 3 , the 3-DOF spherical joint mechanism 19 is comprised of a 1-DOF passive rotary joint in conjunction with a 2-DOF passive universal joint. It can be decomposed into three serially connected 1-DOF revolute joints perpendicular to each other (Fig. 4) . The rotation angle of each revolute joint is detected by the sensors installed in the spherical joint. There is a 3-DOF rigid-body rotational motion between the stator and rotor. The three-dimensional transformation matrix from the rotor frame F r to the stator frame F s is 20 
where x 1 ,x 2 , and x 3 are three-dimensional unit vectors which represent the direction of three revolute joint axes,x i 2 soð3Þ
is the cross-product matrix of x i ¼ x i;1 x i;2 x i;3 ½ T , and q 1 ,q 2 , and q 3 are the rotation angles of three revolute joints. This transformation matrix R provides a unique mapping between the rotor orientation and three revolute joints' rotation angles. From Eq. (1), we can find that the error sources are the machining and the assembly errors existing in the spherical joint mechanism, which are indicated by the errors in the axes of three decomposed revolute joints (dx 1 , dx 2 , dx 3 ) and the joint offsets (dq 1 , dq 2 , dq 3 ). These errors will result in positioning errors directly if nominal values are implemented in the controller. Therefore, the spherical joint calibration is proposed in the following text to solve this problem.
Spherical joint calibration algorithm
The nominal kinematics model R defined by Eq. (1) is a function of x and q, where
By linearizing the kinematic model, the kinematic calibration equation can be given as
where dRR À1 2 so(3) denotes the orientation error resulting from the kinematic parameters x and q. We express the nominal, calibrated and actual values with the subscript ''n'', ''c'' and ''a'', respectively. Then, R a is the actual rotor orientation obtained from the external measurement devices, and R n is the nominal rotor orientation obtained by calculating the Eq. (1). dRR À1 is also given by
Eq. (4) can be rewritten as
The objective of the spherical joint calibration is to determine the optimal values of dx and dq based on the measurement data at several rotor orientations which minimize the cost function:
Eq. (3) is further expressed as where (AE)^is a replacement expression of the operator ''Ù '' defined in Eq. (1). The ''Ú '' operator defines an inverse transformation of ''Ù '', which forms a vector in R 3 out of a given matrix in so (3).
Substituting Eq. (8) into Eq. (7), we get
where
Eq. (10) above can be expressed in the following form:
Generally, we need to measure many different rotor orientations to guarantee the calibration accuracy. Suppose that n measured orientation data are made. Combining the orientation errors and the Jacobians, we have
Eq. (12) can be written as
The least square solution for x is
Beginning with the nominal geometric parameters, x is solved through iterative substitution, and is updated after each step (Fig. 5) . If K denotes the original geometric parameters, the updated geometric parameter values K 0 can be given as
At each step of iteration, the Jacobian matrix e J is computed by the current geometric parameters. A deviation metric is defined to evaluate the calibration result, which is given as
where R a,i is the actual rotor orientation of the ith orientation, R c,i is the calibrated rotor orientation, e 1 expresses the average deviation existing in the real and calibrated orientations. This iterative procedure ends until e 1 approaches a certain limit e. After calibration, the kinematic equation of the spherical actuator becomes Table 3 . Based on the definition of revolute joint, the condition kx i + d x i k = 1 should be satisfied in assigning the errors. The actual rotor orientation is computed by
The number of randomly selected measured orientations is set to five. The identified kinematic errors of joint axes are listed in Table 4 , and the joint zero-position errors are shown in Fig. 6 . It can be seen that the kinematic errors are fully recovered within three to four iterations. Fig. 7 shows the mean errors e 1 (defined in Eq. (16)) during the iterative procedure, which is driven from an initial value of 0.051811 to values approximate to zero. The results mean that under the calibrated kinematic parameters description, the actual kinematic transformation matrix can be precisely described, and thus the positioning accuracy can be enhanced.
In consideration of the measurement noise in practical applications, the influence of the measurement noise on the calibration results is studied. The uniformly distributed noise is added to each measurement. Specifically, the measurement result of the rotor orientation is given by e R a ¼ R a eĵ where j ¼ ½ dã db dc T denotes the added noise, which uniformly distributes in the range [À0.001,0.001] rad. The simulation results are given in Fig. 8 , and the results show that the mean error e 1 is stable and smaller than the added noise when the number of orientations used for identification is greater than 10. Hence, the proposed kinematic algorithm is robust against the measurement noise. 
Torque model and error analysis
The unit vector on the magnetization axes of PM poles in the rotor frame is where g j and / j are the polar and azimuth angle of the jth coil axis, and R c is the calibrated kinematic transformation matrix from rotor frame to the stator frame. The torque model is formulated in rotor frame in the previous research, 12 which is given by
where I j is the jth coil's current input, d ij denotes the direction of the torque element produced by the jth coil and ith PM pole, which is given by
the positive and negative coefficients of d ij are determined by the PM pole's magnetization direction.fðw i;j Þ is the torque curve fit function which is given byf (21) that there are two error sources influencing the accuracy of the torque model. The first source is the errors in the kinematic transformation matrix, which have been calibrated at the first level of calibration. The second source is the errors in the magnetization axes of PM poles (dh i , du i ) and coils axes (dg j , d/ j ). To ensure the motion control accuracy, these geometric errors should be identified and included in the torque formula. Thus, the second level of calibration is discussed in detail to compensate the position vector errors of PM poles and coils in Section 4.2.
Calibration model
The nominal spherical actuator's torque model defined by Eq. (21) is an equation of the position vector of the coils axes and PM poles magnetization axes. The calibration model is acquired based on the torque model's differential form, which is given by
where dT expresses the toque error in rotor frame which results from the position errors in magnetization axes of PM poles (h i , u i ) and coils axes (g j , / j ). The partial derivative of the torque function about u i is
The partial derivatives of the torque function about other geometric parameters are similar. Expressing Eq. (24) in the matrix form as Fig. 8 Mean errors vs number of measurements.
T n is the nominal torque value, and T a the actual (measured) torque obtained from the external measurement device.
The calibration of the coils and PM poles requires comparing the difference between the actual and nominal torque outputs of the spherical actuator. In order to ensure the calibration accuracy, many different rotor orientations are always required to measure. Assuming that we select w measured torque data, combining the error vectors and the Jacobian matrix into a single equation:
where d e T ¼ ½dT
, dP is solved by the least-squares method:
where ð e A T e AÞ À1 e A T is the pseudoinverse of e A. In order to evaluate the calibration result, the convergence accuracy is defined mathematically as
where e 2 is the average quantified deviation between the measured torques and nominal torques. dP is updated by iterative substitution, and the procedure is repeated until the convergence accuracy e 2 is less than the required accuracy e. The total number of parameter errors that need to be identified is 64. The simultaneous identification of all these parameters is difficult. To solve this problem, each coil is calibrated separately here, which is realized by controlling the current input. Specifically, only one coil is supplied with current input in each calibration cycle. Assuming that only the jth coil is excited, Eq. (24) is simplified as
By doing so, the calibration model is greatly simplified. In addition, the identification accuracy is higher and the identification velocity of the error parameters is faster. The total calibration is divided into two situations:
Situation 1: The parameters of eight PM poles and one coil are identified simultaneously. This process needs one calibration cycle.
Situation 2: Each coil is calibrated separately, this process needs 23 calibration cycles.
It should be noticed that the first situation should be conducted first, because only after the calibration of PM poles, can the coils be calibrated separately with sufficient accuracy.
The calibration process of one cycle in two situations is similar, which is given as follows:
(1) Select w 1 groups of different orientations in the workspace of rotor, and only the jth coil is excited with current input. Calculate the nominal torque output T n and error Jacobian matrix A. The actual torque is measured at every selected orientation. (4) The parameters P are updated by P = P + dP.
(5) As given in Fig. 9 , the iterative process starts with the nominal parameters, and is updated with the solution of dP in each iterative process. This process is repeated until the convergence accuracy is satisfied.
Simulation
Based on the above calibration algorithm, simulation studies are presented to demonstrate the effectiveness and robustness of the proposed algorithm. In the simulation research of the calibration of PM poles and coils, we assume that the spherical joint has been calibrated, and the calibrated value of the kinematic transformation matrix R c is given by its nominal value R n .
Simulation study on the first situation
The torque generated at 30 orientations is used for identification here, and the current input is set to 2 A. The calibration is based on the interaction between the PM poles and coils. Since only one coil is supplied with current, to ensure that all the PM poles can be identified, the selected orientation set should guarantee that each PM pole can generate force with the excited coil at some orientation. Table 5 shows the nominal, actual parameters and the identified results. The assigned initial position errors can be acquired by comparing the nominal and actual values. We can see that the given errors are fully recovered at the end of the eighth iteration. The simulation results demonstrate the accuracy of the calibration model. Fig. 10 shows the calibration convergence plot with assigned errors, and e 2 is driven from an initial value of 6.3 · 10 À4 to 6.3 · 10 À7 within eight iterations.
To study the effect of measurement noise on the identification results, extensive simulations are carried out. In the simulation, measurement noise uniformly distributed in (À0.0005, 0.0005) NAEm is injected into each measurement, and torques generated at 30 orientations with noise are utilized for identification. The simulation results are presented in Table 5 . We can see that the identified values of the parameters are sufficiently close to the actual values, and the maximum identification error is about 4.7% of the assigned parameter errors. This demonstrates the robustness of the proposed calibration algorithm. Fig. 11 gives the relationship between the convergence accuracy and the number of measurements. It can be found that when the number of measured torques with noise exceeds 20, the convergence accuracy becomes stable.
Simulation study on the second situation
The identification studies on the rest coils are similar. Because the PM poles have been identified before, the calibration cycle of each separate coil is simpler. For a single coil, the theoretical least number of measured torques is one. But it is set to four here for a high accuracy. The selected orientations should ensure that large torque is produced by the coil and the PM poles. The current input is set to 2 A. The initial errors are given by The identified results are shown in Fig. 12 . We can see that at the end of the fourth iteration, the preset geometric errors are fully recovered. The calibration's convergence rate in the simulation study of the first situation is slow than that in this simulation example. The relationship between the number of iterations and the convergence accuracy is shown in Fig. 13 . e 2 is driven from an initial value of 0.0039 to 3.2 · 10 À6 within five iterations. Fig. 11 Convergence accuracy vs number of measurements. Fig. 12 Identified errors.
Simulation study on the integrated two-level calibration
In order to verify the effects of the two-level calibration algorithm on the performance of the spherical actuator, a simulation is conducted in MATLAB Simulink. The assigned errors and calibration results of the previous simulation studies on the first and second level are used here. The positioning accuracy of the actuator under the models before and after calibration is compared. In the simulation, the rotor is driven from the initial upright orientation (q 1 = 0 rad, q 2 = 0 rad, q 3 = 0 rad) along the trajectory (q 1 = pt/48 rad, q 2 = 0 rad, q 3 = 0 rad) using the computed torque control method, where t indicates the time.
The simulation results are shown in Fig. 14 . The dashdot line represents the desired trajectory. The dashed and the dotted line indicate the control results by the models before and after calibration, respectively. From the simulation results, we can see that before calibration, there are large movement errors, the maximum steady state tracking error in one decomposed revolution joint is about 0.06 rad. After compensated by the two-level calibration results, the positioning accuracy is greatly enhanced, and the maximum steady state tracking error is nearly zero. The results demonstrate that the proposed two-level calibration method can effectively improve the positioning accuracy of the spherical actuator. 
Conclusions
